Abstract: Effective superpotentials obtained by integrating out matter in super YangMills and conformal supergravity backgrounds in N = 1 SUSY theories are considered. The pure gauge and supergravity contributions (generalizing Veneziano-Yankielowicz terms) are derived by considering the case with matter fields in the fundamental representation of the gauge group. These contributions represent quantum corrections to the tree-level YangMills and conformal supergravity actions. The classical equations of motion following from the conformal supergravity action require the background to be (super)conformally flat. This condition is unchanged by quantum corrections to the effective superpotential, irrespective of the matter content of the theory.
Introduction
The effective action of a quantum field theory amounts to a solution of the field theory. Recently, following work by Dijkgraaf and Vafa [1] , a step has been made in this direction for four-dimensional gauge theories with N = 1 supersymmetry. Specifically, if one considers the effective action defined by the path integral for an arbitrary gauge theory coupled to matter, 1 then it has been shown how to compute the F -terms in the effective action (i. e. the effective superpotential) for a background gauge superfield W α . This was shown perturbatively, by computing Feynman diagrams in superspace, in [2] and non-perturbatively, by solving the set of Ward identities following from a generalized Konishi anomaly, in [3] . These arguments determined the effective superpotential up to a pure gauge term (independent of the matter sector couplings), corresponding to the Veneziano-Yankielowicz term [4] . It was subsequently shown [5] that this term could in fact be derived by considering the special case with matter in the fundamental representation and a quartic tree-level matter superpotential.
It was realized concurrently that these methods could be extended to computing the superpotential in a curved supergravity background [1] , specified by an N = 1 Weyl superfield W αβγ . This was further developed in refs. [6] [7] [8] [9] [10] [11] [12] [13] . Yet again, the arguments only determine the superpotential up to pure gauge and supergravity terms (independent of the matter sector couplings).
This paper supplies a direct derivation of the pure gauge and supergravity superpotential using the generalized Konishi anomaly, 2 extending the argument of [5] . In the next section, the effective superpotential is computed for matter consisting of F flavours of quarks (and their squark superpartners), transforming in the fundamental representation of the gauge group SU (N ), 3 with a quartic tree-level matter superpotential. This matter superpotential allows gauge symmetry breaking via the Higgs mechanism. The computation was originally performed in [12] . (There is a discrepancy between the effective superpotenital obtained here and that in [12] , explained in section 2). One proceeds by solving the Ward identities following from the generalized Konishi anomaly. In a flat Minkowski background, correlation functions factorize and all the Ward identities are equivalent. In a supergravity background, the connected parts of two-point correlation functions are nonvanishing [12] and there are two independent identities. One can show [10] that terms of O((W αβγ W αβγ ) 2 ) vanish in the chiral ring and so functions have a Taylor expansion in the Weyl superfield which terminates at O(W αβγ W αβγ ). Having solved the Ward identities, one can use supersymmetry and holomorphy arguments to determine the effective superpotential up to a 'constant' term independent of the matter sector couplings, but depending on the gauge and supergravity background fields and their couplings.
In section 3, the superpotential for fundamental matter is used to derive the superpotential for the pure gauge and supergravity theory. The tree-level matter superpotential allows the gauge group SU (N ) to be broken to anything from SU (N ) to SU (N − F ) at low energy via the Higgs mechanism. One considers two vacua in which the unbroken gauge groups are SU (N − F 1,2 ) respectively. Varying the matter couplings, one can take a limit in which the masses of both the quarks and the massive gauge bosons (and their superpartners) become large. In this limit, the massive matter decouples from the unbroken gauge group and its contribution to the effective superpotential can be discarded. What is left must represent the contribution from the unbroken gauge group and the supergravity background. If one subtracts the superpotentials for the two vacua, then the unknown 'constants' cancel, resulting in a difference equation whose solution yields the pure gauge and supergravity superpotential. In a suitable renormalization group scheme, the superpotential is
where
2 trW αβγ W αβγ and Λ,Λ ′ are dimensional transmutation scales corresponding to the gauge and supergravity couplings.
This superpotential is discussed in section 4. The first term (the Veneziano-Yankielowicz superpotential) comes from the tree-level superYang-Mills action, having accounted for quantum corrections. It is shown by analogy that the second term (depending on the Weyl superfield) comes from the (quantum-corrected) tree-level action for conformal supergravity. This is the unique supergravity action which preserves local superconformal symmetry (for a review see [14] ). It is higher derivative and (in contrast to Einstein-Hilbert gravity) has a dimensionless coupling constant, which has been replaced in (1.1) by the dimensional transmutation scale Λ ′ .
Classically, the equation of motion following from the tree-level conformal supergravity action is W αβγ = 0. This implies superconformal flatness, which is not quite trivial (for example, super-anti-de Sitter spacetimes are superconformally flat). Since terms in the effective superpotential can be at most quadratic in W αβγ , it appears that the background Weyl superfield continues to satisfy the superconformal flatness condition irrespective of quantum effects or the actual gauge and matter content of the theory. This may seem paradoxical given that both the gauge and supergravity theories suffer from the conformal anomaly and that the matter sector violates the local superscale invariance even at treelevel if it has dimensionful couplings. However, the claim that conformal flatness persists is only at the level of F -terms. It is likely that radiative corrections will generate D-terms (e. g. super Einstein-Hilbert terms) which do not respect the local superscale invariance and lead to departures from superconformal flatness.
The Effective Superpotential with Fundamental Quarks
Consider an N = 1 supersymmetric theory in four dimensions with matter chiral superfields Φ coupled to a glueball superfield S and a supergravity superfield given by G. The matter superfields Φ I transform in some representation of the gauge group denoted by the gauge group index I. The quantum theory has the Konishi anomaly [15, 16] ; for the generalized chiral rotation δΦ = ǫΦ ′ (Φ), one has
where the tree-level matter superpotential W tree = g k Φ k is some (gauge-and flavourinvariant) polynomial in the matter superfields. The vacuum expectation values are to be evaluated in the presence of a background consisting of the light degrees of freedom. The matter is assumed to be massive and is integrated out. Furthermore, in a generic vacuum of the theory, the gauge symmetry will be spontaneously broken via the Higgs mechanism, with gauge superfields corresponding to broken generators of the gauge group becoming massive. The background should only contain the superfields corresponding to the broken generators (as well as the supergravity superfields). Let the corresponding background glueball superfield be denoted S ′ . The first term in the parentheses in (2.1) splits into two parts. The part tracing over the unbroken gauge group is by definition S ′ . The other part traces over the broken part of the gauge group. The associated superfields are massive, and their potential is (classically) quadratic and centred at the origin, such that their vevs are zero. 4 The effective superpotential for the background superfields can then be determined by solving the partial differential equations
which follow by holomorphy and supersymmetry. These determine W eff up to a constant term independent of the matter couplings g k . Now consider the particular case where the matter sector consists of F flavours of 'quarks', viz. F chiral superfields Q i I transforming in the fundamental representation of the gauge group and F chiral superfieldsQ J j in the anti-fundamental representation, where i and j are flavour indices. The tree-level matter superpotential (for F < N ) is written in terms of the F × F gauge-invariant meson matrix
The classical equations of motion for the matter fields are
The meson matrix M can be brought to diagonal form via a global SU (F ) flavour transformation; the classical vacua then have F − eigenvalues at M i i = 0 and F + = F − F − eigenvalues at M i i = m/2λ (no sum on i), with the low energy gauge group broken down to SU (N − F + ).
Turning to the generalized Konishi anomaly (2.1), the variations
yield anomalous Ward identities for the meson matrix
The aim is to solve the complete set of such Ward identities for the matter expectation values. Since terms of O(G 2 ) or higher vanish in the chiral ring (and ergo in vacuum expectation values) it is convenient to Taylor expand everywhere in powers of G and to perform the analysis term by term. First recall the analysis at O(G 0 ) performed previously [5, 17] , corresponding to a flat background. At this order, correlation functions factorize, because connected n-point functions are of O(G n ) [12] . The Ward identities (2.6) all reduce to the single identity
There is only one independent vev : the expectation value of the meson matrix. This can be diagonalized by a global SU (F ) rotation in flavour space. In such a basis, the Ward identities have the solution
The quantum vacua have F ± eigenvalues at each of these two values corresponding to Higgsed or un-Higgsed quarks.
At O(G 1 ), things become more complicated, because the connected two-point correlation function is not zero. One must consider matrix vevs which are the vevs of products of the meson matrix. The global flavour symmetry can be used to diagonalize one such matrix vev, chosen to be M j i as before. Since there is still a residual SU (F + ) × SU (F − ) global flavour symmetry, the vev of the meson matrix must take the form
(2.9)
(The subscript ± labels the Higgsed and un-Higgsed spaces, to conform with the notation below.) It is claimed furthermore that all matrix vevs are block -diagonal in this basis. That is, they act reducibly on the Higgsed and un-Higgsed flavour subspaces of dimensions F + and F − respectively. 56 The Konishi anomaly equations (2.6) are valid verbatim in each subspace separately, with the flavour indices running from 1 to F + in the Higgsed subspace (labelled by a plus sign as in (2.9) and from 1 to F − in the un-Higgsed subspace (labelled by a minus).
The two-point function no longer factorises, but has a connected part of O(G)
and one makes the further ansatz that
The connected part of the three-point function vanishes to O(G), leaving
Taylor expanding in G, there are no contributions beyond O(G); from (2.11), B ± is already of O(G) and one can write
14)
The set of Ward identities (2.6) reduce to three equations in three unknowns, viz. 15) with the solutions
This claim is not an assumption, but an ansatz : one is trying to solve the set of Ward identities (2.6);
it will be seen that the block-diagonalization does this. 6 The work [12] does not make this ansatz, but rather starts from the ansätze M The partial differential equations (2.2) for the effective superpotential with respect to the matter sector couplings are
Again it is convenient to Taylor expand W eff in G,
where c(S ′ ) is independent of m and λ. At O(G 1 ), one has, from (2.14) and (2.17), the partial differential equations
Substituting from (2.16), one obtains the solution
where d(S ′ ) is independent of m and λ and is determined in the next section.
The Pure Gauge and Supergravity Superpotential
The pure gauge and supergravity superpotential can be determined as follows. First take the limit in which both the quark masses, m, and the gauge boson masses, m/2λ, become large. The effective superpotential (2.21) becomes
What is the meaning of this expression? In this limit, the massive degrees of freedom decouple from the pure SU (N − F + ) gauge theory in the supergravity background. The effective superpotential should consist of the superpotential for the low energy pure gauge and supergravity theory plus terms representing the contribution of the decoupled matter. The decoupled matter consists of the quarks and the massive gauge bosons corresponding to the broken generators of SU (N ) (and their superpartners). The quark superfields have been integrated out, and one can calculate their contribution to the effective superpotential as follows. The non-renormalization theorem applies and the contribution is found by replacing the quark fields in the tree-level superpotential (2.3) by their classical vacuum expectation values. This gives a contribution to W 0eff and was discussed in [5] . The contribution of the massive gauge bosons was earlier seen to be zero. Thus one sees that the terms in (3.1) do indeed correspond to the contribution from the low energyunbroken pure gauge theory and supergravity. This contains the unknown constant d, which can be removed by considering the superpotentials for two distinct vacua in which the number of Higgsed quarks, F + , takes the values F 1 and F 2 , but the argument S ′ takes the same value, T say, in both. 7 If one then subtracts the two effective superpotential functions, the unknown constant d cancels, giving
This expression ought to involve only the low energy degrees of freedom and the gauge and gravitational couplings, yet it appears to depend on the tree-level matter couplings m and λ. The same phenomenon was observed with the pure gauge theory superpotential in [5] and was shown to be due to the requirement of scale matching: the running gauge couplings of the Higgsed and un-Higgsed theories (which have different beta functions) must match at the Higgs scale, and this leads to a relation between the strong coupling scales of the high and low energy theories. In the gravitational case, the same thing happens: loop diagrams result in logarithmic corrections to the supergravity coupling which depend on the fields running in the loops and so there is again a scale-matching constraint for the Higgsed and un-Higgsed theories. The beta function can be found from the trace or conformal anomaly [18, 19] . The one-loop coefficient is given by
where N v and N χ are the number of vector and chiral SUSY multiplets respectively. The scale matching must be performed at two intermediate scales, corresponding to the quark mass, m, and the gauge boson mass, m/2λ. At high energies, one has N 2 − 1 massless vector supermultiplets and 2N F chiral supermultiplets. Below the Higgs scale, there are (N − F + ) 2 − 1 vector supermultiplets and 2N F − + F 2 + chiral supermultiplets, 8 such that 7 Of course the physical interpretation of T is different in the two vacua. Here however one simply wants to determine the functional form of W 1eff . W 1eff is an unconstrained function of its arguments and so the arguments may be chosen arbitrarily. 
Here, Λ ′ N,F is the dimensional transmutation scale corresponding to the supergravity coupling of the theory with gauge group SU (N ) coupled to F quark flavours. Below the quark mass scale one has only (N − F + ) 2 − 1 vector supermultiplets, such that
The scale matching relation is therefore
Using this relation, one can replace the matter sector couplings m and λ in (3.1) by the appropriate gravitational scales to obtain
where the functional dependence of W 1eff has been indicated explicitly. This difference equation has the solution 8) where S has been re-instated and g(S) is an arbitrary function of S alone: it cannot depend on any of the other parameters. Furthermore, gG (which appears in the superpotential) must be of dimension three and g must therefore be of dimension zero, i. e. a pure number. This ambiguity in W 1eff corresponds to a re-scaling of Λ ′ N 2 −1 , or equivalently to the freedom to choose a renormalisation group scheme. In a scheme in which g vanishes, the complete effective superpotential for the pure SU (N ) gauge and supergravity theory is 9) which is the form obtained by extended U (1) R symmetry considerations [12] . There it was noted that there is no need for the scales Λ and Λ ′ to be the same to satisfy the U (1) R symmetry. The above derivation shows that these scales are indeed distinct: they represent the gauge and gravitational couplings. Now that the effective superpotential for the low energy gauge theory has been derived, one can determine d(S) in (2.21) as in [17] by demanding that W 1eff in (2.21) reproduces the correct limit as m 2 /λ → ∞ for the vacuum with F + Higgsed quarks and low energy gauge group SU (N − F + ). One obtains
The constant d is seen to depend only on the glueball and supergravity backgrounds and their couplings, justifying a posteriori the assumption that it cancels in the vacuum subtraction.
Discussion
Having derived the form of the effective superpotential for the pure gauge and supergravity theory (3.9), it is of interest to study the vacuum structure obtained upon minimisation. Before doing so, it is important to clarify what is meant by 'the supergravity theory', since there exists more than one. To do this, one can proceed by analogy with the pure gauge theory case, with a flat background and no matter. There one starts with the treelevel Yang-Mills superpotential 2πiτ S (plus Hermitian conjugate) which is renormalized to N log Λ 3 S. The non-perturbative dynamics modifies this further to
The effective potential is thus generated in a natural way from the tree-level Yang-Mills superpotential. In a supergravity background, a term
is added to the superpotential. Running the previous argument backwards, it seems reasonable that this comes from the renormalized superpotential
which in turn comes from the bare, tree-level superpotential 2πiτ ′ G, where τ ′ is some dimensionless coupling. Is this a bona fide supergravity action? Indeed it is, being (a gaugefixed version of) the unique action preserving the group of local superscale transfromations and known as conformal supergravity (for a review see [14] ). 9 It is higher-derivative and has a logarithmically-renormalized dimensionless coupling constant.
This suggests that the effective superpotentials (3.9) and (3.10) encode quantum corrections to conformal supergravity; if this is the case, what are the implications for the vacuum structure? Classically, the equation of motion for the Weyl superfield following from the conformal supergravity action is W αβγ = 0. This is not quite trivial: it does not imply Minkowski flatness, but rather (super)conformal flatness. In particular, super anti-de Sitter spacetimes with a cosmological constant are permitted. 10 When gauge and matter supermultiplets are added, along with their quantum effects, the effective superpotential contains terms of O(G 0 ) and O(G). The former must be present even in a Minkowski background and so the latter represent the effects of a curved background in their entirety. Since G is quadratic in the Weyl superfield, the classical equation of motion W αβγ = 0 is unchanged. Thus superconformal flatness is preserved irrespective of the the gauge and matter content of the theory. If this were the whole story, it would be rather remarkable, since the addition of gauge fields, matter and quantum effects leads to the breaking of the local superscale invariance via the superconformal anomaly, even if the matter sector is superscale-invariant, which it need not be.
There is, however, an important caveat. The above arguments only allow one to determine the effective superpotential, that is the F -terms in the effective action. Just as for the theory with global supersymmetry, one is unable to make general statements about the D-terms in the effective action. Since the superscale invariance is broken (either explicitly through dimensionful couplings in the tree-level matter superpotential, or via the superconformal anomaly), there is nothing to prevent the generation of non-scale-invariant gravitational corrections (such as super Einstein-Hilbert terms) via quantum effects, even if one starts with classical conformal supergravity. These corrections appear in the effective action as D-terms, and would in general affect the vacuum structure.
